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Abstract Bivariate survival analysis has wide applications. In the presence of covari-
ates, most literature focuses on studying their effects on the marginal distributions.
However covariates can also affect the association between the two variables. In this
article we consider the latter issue by proposing a nonstandard local linear estimator for
the concordance probability as a function of covariates. Under the Clayton copula, the
conditional concordance probability has a simple one-to-one correspondence with the
copula parameter for different data structures including those subject to independent
or dependent censoring and dependent truncation. The proposed method can be used to
study how covariates affect the Clayton association parameter without specifying mar-
ginal regression models. Asymptotic properties of the proposed estimators are derived
and their finite-sample performances are examined via simulations. Finally, for illus-
tration, we apply the proposed method to analyze a bone marrow transplant data set.

Keywords Multivariate local polynomial regression - Clayton copula -
Non-informative missing data - Dependent censoring - Dependent truncation

1 Introduction

Copula models have been a popular choice for modeling multivariate failure-time data
due to the nice feature that the dependence structure can be studied separately from the
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marginal distributions. Consider the bivariate case. Let 77 and 7> be a pair of lifetime
variables with continuous marginal distribution (or survival) functions denoted as
F1 and F3, respectively. Sklar’s theorem ensures that there exists a unique copula
function C : [0, 11> — [0, 1] such that the corresponding joint function F can be
written as F(t1, 1) = C{F\(t1), F2(t2)}. The dependence structure is characterized
by the copula function C(-, -).

Semi-parametric inference for parametric versions of C has been extensively stud-
ied for right censored data without covariates (Clayton 1978; Oakes 1989; Shih and
Louis 1995; Wang and Wells 2000). In recent years, applications of copula models
have been extended to more complicated data structures, including semi-competing
risks data (Day et al. 1997; Fine et al. 2001; Wang 2003; Jiang et al. 2005; and Lakhal
et al. 2008) and dependent truncation data (Chaieb et al. 2006; Emura and Wang 2010)
under which the copula structure also helps to resolve the problem of non-identifiability
in marginal inference.

When covariates Z are present, they may affect the dependence structure. The
dependence structure conditional on Z = z can be described by the conditional copula
C..Gijbelsetal. (2011) proposed a nonparametric estimator for the conditional copula
based on kernel-smoothing of the bivariate and marginal empirical distributions. Acar
et al. (2011) proposed another kernel-based method for estimating the conditional
copula association parameter using the local likelihood approach (Fan and Gijbels
1996). Both estimations are based on complete data from a bivariate joint distribution.
Their methods are two-stage procedures: first estimate the marginals, then estimate
the copula parameters using the marginal estimates from the first stage. However
those approaches cannot be extended to semi-competing risks data and dependent
truncation data in which the marginal functions are not identifiable nonparametrically.
In this paper, we propose a general approach to estimating the conditional concordance
probability for various data structures. Under the Clayton copula model, this method
provides an estimator for the association parameter as a function of the covariates
applicable to various data structures.

When one failure time is subject to dependent censoring by the other time variable,
the data structure is called semi-competing risk data. It turns out that one marginal
distribution is not identifiable nonparametrically. Ding (2010) studied the identifiabil-
ity condition when the copula assumption is imposed on the joint distribution. Most
existing methods for analyzing this data structure make the implicit assumption that
covariates have no effect on the dependence structure. The focus is mostly on marginal
regression analysis (Lin et al. 1996; Lin and Ying 2003; Peng and Fine 2006; Huang
and Zhang 2008; Ding et al. 2009). Some papers (Fine and Jiang 2000; Peng and Fine
2007) proposed to estimate the copula parameter assuming that it is constant across
different covariate values. Ghosh (2006) proposed to test constancy of association
across discrete covariate strata. Hsieh and Wang (2008) considered marginal regres-
sion analysis in which the dependence structure can vary only for discrete covariate
groups. Similar issues also arise in dependent truncation data (Ding 2012).

The strength of association for a copula C, can be measured by Kendall’s tau
1(z) = 4 [ [ C.(u,v)dC (u, v) — 1, or equivalently the concordance probability
a(z) = (r(z) + 1)/2 between pairs of the bivariate failure times. We propose to
estimate «(z) by a local linear estimator using concordance indicators as the response
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variables in regression. While properties of multivariate local polynomial regression
have been well studied in literature (e.g., Ruppert and Wand 1994; Opsomer and
Ruppert 1997), the problem is fundamentally different from the usual local polynomial
regression setting. Here the response variables are the concordance indicators for pairs
of observations and hence are no longer mutually independent. Also, for the data
structures which involve censoring or truncation, not all the bivariate failure times
are observed. Accordingly the concordance relationship between some pairs is not
observable either. In these cases, we modify the proposed local linear estimator to
estimate the conditional concordance probability for comparable pairs denoted as
a*(z). For dependent truncation data, 2a™ — 1 is the conditional Kendall’s tau studied
in Tsai (1990), Martin and Betensky (2005) and Emura and Wang (2010).

The missing-at-random mechanism is the key property to further establish a*(z) =
a(z) for the data structures in the presence of censoring and truncation. The Clayton
copula has a special feature that the strength of association remains constant across
time. We will show that the Clayton assumption leads to a missing-at-random property
which makes «*(z) = «(z) for all the data structures in the presence of dependent cen-
soring and truncation considered here. Without covariate effects, several papers includ-
ing Fine and Jiang (2000), Fine et al. (2001) and Jiang et al. (2005) utilized the concor-
dance information between pairs of the two variables to estimate the Clayton associ-
ation parameter. Our estimator provides a unified approach to estimating the Clayton
association parameter applicable to various data structures including dependent cen-
soring and dependent truncation without specifying the marginal regression models.

The paper is organized as follow. In Sect. 2, we define the model assumption and four
common data structures including those with censoring and truncation. The asymptotic
properties of the proposed estimator are discussed in Sect. 3. We then evaluate the
estimator through simulation studies and apply it to a bone marrow transplant data set
for illustration.

2 Model assumption and data structures
2.1 Local linear estimation for concordance probability

The copula representation of the bivariate joint function of (77, 72) conditional on
covariate value Z = z can be written as

F;(t1, 1) = Cop{F1,:(11), F2,;(12)},

where Fj ;(-) and F> ;(-) are the conditional marginal functions. We assume that Z is
a d-dimensional vector of covariates.

Let (T1,;, T2,;) be independently and identically distributed (i.i.d.) random repli-
cations of (77, 13). Define 6;; = I{(T1,; — T1,;)(T,; — T2,;) > 0} as the concordance
indicator for (71;, T2,;) and (71, T2,;) (i # j). Then the concordance probability
conditional on Z; = Z; = zis a(z) = Pr(§;; = 1|Z; = Z; = z). Note that for a
copula model, a(z) =2 [ [ Cy(;)(u, v)dCy(z)(u, v). We propose to estimate o (z) by
the local (in z) linear estimator that minimizes
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D s —a@) = B (Zi —2) — B3 (Zj — DV Kul(Zi =2, Z; — )]

i<j
over a(z) and B = (B], p1)T, where

KplGur, u)™1=[HIT'"KH u)HI7 K (H ua)]
= |H| 2K (H "u))K (H '),

and the determinant |H| — 0 when n — oo. Denote the resulting estimator as &(z).
Notice that the 2d-dimensional kernel K g (-) is a d-dimensional kernel K multiplied
by itself and the 2d-dimensional bandwidth matrix is

(5 %)

with H being d-dimensional. Notice that our setting is different from the standard
2d-dimensional multivariate nonparametric regression in that Z; and Z; are actually
measurements of the same variable from different subjects. Hence we use the same
bandwidth matrix H for Z; and Z; due to symmetry.

In the presence of censoring or truncation, §;; may not be observable for some (i, j)
pairs, which can be viewed as a missing data phenomenon. To tackle the problem, we
first consider estimating the concordance probability for a subset of the sample with
d;j observable for all (i, j) pairs in the subset. Specifically, define A;; as the indicator
that the pair (i, j) belongs to the target subset. Let a(z1, 22) = E[6;j1A;; =1,Z; =
21, Zj = z2]. Then the local linear estimator estimates the conditional probability
E@ij|Aij =1,Z; = Zj = z) = a(z, z) by minimizing

D i —a@ =B (Zi—2) = B3 (Zj — P AGKul(Zi =2, Z; — "1 (1)

i<j

over a(z) and B = (BT, p1HT.
A crucial missing-at-random condition is

E@GijlAij=1,2Zi =2j=2)=Pr(6;; =1|Z; = Z; = 2) = a(2). 2)

When condition (2) holds, @(z) estimates the quantity &(z, z) = a(z) which has the
natural correspondence with the copula parameter 6 (z). Without condition (2), we may
still use &(z) to examine covariate effect which however cannot be easily converted to
the copula parameter 6 (z). We will show that condition (2) holds for some common data
structures subject to censoring and truncation when the Clayton copula assumption is
made. Thus the estimator &(z) provides a unified approach to estimating the covariate
effect on the Clayton association parameter in these data structures.
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2.2 Four data structures

Now we discuss four different data structures that (1) can be applied with appropriate
construction of A;;.

Data structure 1: bivariate failure-time data without censoring. We observe an
i.i.d.sample (T1;, 17, Z;) (i =1, ...,n) from (T1, T2). Thus A;; = 1 forall i, j.

Data structure 2: bivariate failure-time data with independent right censoring.
Denote (Y1, Y>2;) i = 1,...,n) as a random sample from the bivariate censor-
ing variables, (Yy, Y>). It is assumed that (77, T5) are independent of (Y7, Y2) con-
ditional on Z = z. Under right censoring, one observes (X1, X2, Sl,i, 52,,-, Zi)
(i=1,....,n), where Xy, = Ty, A Yy, and & ; = I(Ty; < Vi) fork = 1,2
and x A y denotes the minimum of x and y. In this case, A;; = 1 if and only if
Tii NTr,j < Yii A Yy jforboth k = 1,2. That is, Xy ; A X j corresponds to an
uncensored point for each k = 1, 2.

Data structure 3: semi-competing risks data with independent right censoring.
Consider the situation that 77; is subject to dependent censoring by 7»; and both
are subject to independent censoring by Y;, an independent replication from Y. It is
assumed that (77, T7) are independent of Y conditional on Z = z. Observed variables
can be written as (X1 ;, X2, Sl,i, 52,,‘, ZpyGi=1,...,n),where X1 ; =T1 ;AT ; A
Yi. X0, =T, NY, Sl’,' = I{X1;, = T1,;}and 52’1 = I{X2,; = T»;}. In this case,
A,‘j = 1 if and only if Tl,,' A Tl’j < Tz’,‘ A Tz’j < YA Yj. That is, Xk,i A Xk,j
corresponds to an uncensored point for each k = 1, 2.

Data structure 4: dependent left truncation data with independent right censoring.
The variable 7>; is subject to left truncation by 77; and independent right censoring
by Y;, an independent replication from Y. It is assumed that (77, 7>) are independent
of Y conditional on Z = z. One observes (77 ;, X2, 52,,-, Zi)(@=1,...,n) subject
to Ty, < Xpi, where Xp; = To; AYi, 82; = I{X2; = T»,;}. In this case, A;; = 1 if
andonlyif 77 ; VT1,j < X2 AXp jand T, ATy ; < Y; AY;, where x V y denotes
the maximum of x and y.

2.3 Clayton copula and condition (2)

For the first data structure, without censoring or truncation, A;; = 1 for sure and obvi-
ously the condition (2) holds for all copulas. For the second and third data structures
with censoring, we assume the Clayton copula of the form:

Coy(ur, uz) = ;" + ;7@ — 1)@ (4(z) > 0).
For the fourth data structure, we assume the extended-Clayton copula of the form:
Coy(ur, uz) = uy — (" + (1 —ux)™0@ — =19 (9(z) > 0).

Imposing the extended-Clayton copula on the funcﬂtion F(t1,0)=Pr(T1<t;, Th<t)
is equivalent to imposing a Clayton copula on F(t,t) = Pr(Ty < t1,T» > b).
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For dependent truncation data, mathematically it is better to impose a copula on
F (t1, t2) (Chaieb et al. 2006; Emura and Wang 2010).

In Appendix 1, we verify Eq. (2) based on these data structures. For continuous
survival times 77 and 7>, under the Clayton copula, 6(z) = [2a(z) — 1]1/[1 — «(2)].
Therefore, estimation of 8(z) is equivalent to that of «(z).

3 Asymptotic properties

To derive the asymptotic properties and variance formula of the proposed estimator,
we adopt similar notations as in Ruppert and Wand (1994) for multivariate local
polynomial regression. Specifically denote § = (8;;)i<;, a n(n — 1)/2-dimensional
vector, as the response. The input variable for §;; is Z;; = (ZiT s ZjT)T where v!
denotes the transpose of vector v. Since the conditional expectation of §;; is @(Z;;),
we are working on a regression problem with §;; being the response variable and the
2d-dimensional vector Z;; being the explanatory variables. However, the problem is
different from the standard setting for (2d)-dimensional multivariate local polynomial
regression. First, we are only interested in estimating the d-dimensional function
a(z, z) instead of the 2d-dimensional function & (z1, z2). Secondly, the response §;; and
input Z;; are not independent replicates as in the usual regression setting. Specifically
(8ij, Zij) (i < j) are not independent among different (i, j) pairs. Finally the value
of some §;; may be unknown. As discussed earlier, we will select pairs with A;; =1
in the analysis so that the corresponding §;; is always observable.

To simplify the notations, we use z = (z', z")”. For example, Z;; — z denotes
(zZi — )7, (Z; - 27T, and a(z) = @(z, z) = @(z). So Eq. (1) can also be written
as Zi<j[8ij —a(z) — ﬂT(Zij — z)]zAinH(Zij — z). Denote the gradient of a(z) as

o) (i&m,zz))
al\Z) = s
J
azza(zlv Z2) 11=22=2

and the Hessian matrix of &(z) as

92
(21, 22)

92
Ta(zls ZZ) 32 31

0210z
Ho(z) =

Ta(z1 22) TOl(Zl 22)

azzaz 32281

11=22=2

Properties about the asymptotic bias and variance of the estimator & (z) are summarized
in the following theorem. The proof is provided in Appendix 2.

Theorem 1 We assume the following technical conditions similar to those in Ruppert

and Wand (1994).

(i) The kernel function K is a compactly supported, bounded non-negative kernel
such that [ Kw)du = 1, [ K@uu”du = pr(K)Ily where pa(K) > 0is a
scalar and 1, is the d x d identity matrix. And all odd-order moments of K
vanish.
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(ii) When n — oo,n|H| — 00, and all entries in the symmetric positive definite
matrix H tend to zero. Also, the condition number of H is bounded.

(iii) Denote fz as the density of Z. Assume that 7 is an interior point of the support
of fz with fz(z) > 0.

(iv) Denote the non-missing probability function g(z1, z2) = E[A|Z) = 21, Z2 =
22l and §(z1,22,23) = E[AnAplZ) = 721,22 = 22,73 = z3]. Assume
8(z,2)>0,8(z,2,2) >0and 0 < a(z) < 1.

Then
E[&(2)|Z1, o, Zn] = @(2) 4+ pa(K)tr{H*Hy (2)) + 0, (1r (H?)) )

and

_ A - 2)8(z, z, 2)a(z, z, ) o (K?)

Varle@IZ1. . Znl = = S e G P 2 ()

+o,(n HITH, (@)

where tr (M) denotes the trace of matrix M, MO(KZ) = f[K(u)]zdu and

a(z1,22,23) = Cov[812,813| A1 = A3 =1, Z1 = 21, Z = 20, Z3 = z3]
= E[§12813lA2 = A3 =1,2Z1 =21,2Zr = 22, Z3 = 23]
—a(zr, z22)a(zy, 23).

To better understand the above results, let us consider the simple case of a univariate
Z. Then the scalar H = h — 0. The above theorem states that Bias(&|Z1, ..., Z,) =
OP(hz) and Var(@|Zy, ..., Z,) = Op(n’lh’l). So the estimator has the best rate
of convergence when 0p(h4) = OP(n_lh_l). That is # = n~!/3 and the rate of
convergence for &(z) is n=2/5

Remark 1 Theorem 1 states the property of &(z) which estimates a*(z) =
Eij|Aij = 1,Z; = Z; = z). Under condition (2), «*(z) agrees with a(z) =
Pr(8;; = 11Z; = Z; = z). For complete data, since condition (2) always holds, &(z)
can be directly translated to estimate 6 (z) for any specified one-parameter copula fam-
ily such as Frank or Gumbel models (Nelsen 2006). For other three data structures,
we need to assume the Clayton copula under which the missing-at-random condition
in (2) holds. In these complicated data structures, &(z) can still estimate Clayton’s
association parameter.

Remark 2 Theorem 1 shows that the fitted estimate &(z) converges to the true value
a(z) for 0 < a(z) < 1. It may happen that some fitted values of @(z) fall outside the
unit interval [0, 1] especially when the true «(z) is near O or 1. Such a phenomenon
occurs rarely in our numerical studies. When they do happen, we can truncate these
estimates to make them equal to the nearest boundary value O or 1. Another possible
approach to dealing with this issue is to incorporate a link function g(-) : (—o0, 0c0) —
(0, 1)suchthaty(z) = g_1 (¢ (z)) isunbounded. Then we estimate y (z) by minimizing
> 18— gly @)= &'y @IB] (Zi —2) — ¢y 1T (Z; — ) *K 5 (Z;j —2). This
alternative extension is a topic for future exploration.
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The boundary effect is often a concern for smoothing techniques. Now we investi-
gate whether the asymptotic bias and variance remain the same order at the boundary
of the support supp( fz) for covariate Z. As in Ruppert and Wand (1994), we con-
sider a sequence z = z, converging to a point zy on the boundary of supp(fz). That
is,z=2z9 + H 1/2¢ for a fixed c. We also assume the following condition to avoid
degeneracy.

(v) There is a convex set € with nonnull interior and containing z3 such that

ing fz(2) > 0. )

At the boundary point z = z5 + H/?c, the effective support of kernel is reduced.
Let D i = {x : (z + H'/x) € supp(f2)} N supp(K). We denote u¥ o(K) = [p,

K uydu, p% (K) = sz,H K (wudu, ;1,52(1() = f’Dz,H K@) ul HHy(z)Hudu =
O(H?) and u3(K) = [}, L uK u” HHy (2) Hudu = O(H?). Also let

N, = / / Aul uHT 1 ul ul VK (1)K 2)dudus,
Dz,HDz,H

T, = / / /(m{ w1 ul ul YK (ur) K (u2) K*(u3)dudusrdus.

DZ,H Dz,H Dz,H

Theorem 2 Suppose that 7 = zy + H'%c for a fixed ¢ € supp(K). We assume
conditions (i)- (iv) as in Theorem 1 and condition (v) in Eq. (5). Then

2% o (K (K)
el N1 ' '
. ~ _ 1%z H * * H
Biasla(D)|Z1, . Zal = L [ Wby (ROus (K + 42 o (KOl (K
MEQ(K)MEJ (K) + //«zo(K)Mgg (K)
+ 0, (tr(H?)) (©)

and

_ 48(z,2,2)a(z, 7, 2)e] NI T N e

N 1
Varla(2)|Zy, ..., Z,] = HIZG. O 2() [T+o0,(D]. (7)

The proof of Theorem 2 is provided in Appendix 6. Theorem 1 and 2 show that
the conditional bias is of the same order O, (tr(H 2)) at the interior as well as the
boundary. The conditional variance also remain the same order O, (n Y H|7Y) at the
boundary. Therefore asymptotically the proposed estimator does not suffer from the
boundary effect. This result is similar to that of Ruppert and Wand (1994). However
the finite sample performances, in particular the variance, can still be affected near the
boundary since this region contains fewer observations.
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4 Simulation studies

We examine the finite-sample performances of the proposed estimator and compare
it with the estimator proposed by Acar et al. (2011). The data generation scheme
is similar to that in Acar et al. (2011) for the purpose of comparison. Specifically
the covariate Z; is generated independently from Uniform(2,5) fori = 1,...,n
and, given Z;, (U ;, Uy ;) are generated from the Clayton copula Cg(z,) (11, u2). Two
forms of 6(z) are considered: (1) linear calibration function 6(z) = exp(0.8z — 2)
and (2) Quadratic calibration function: 6(z) = exp(2 — 0.3(z — 4)2). Then we set
T = —05exp(y1Z;)log(Uy,;) and To; = —exp(y2Z;) log(U3 ;). This means that
the marginal distributions are exponentially distributed and 7 ; follows the accelerated
failure times (AFT) model with parameter yx such that log(7x ;) = yxZ; + ex,; for
k =1,2. We set n = 100 and replications=400. Throughout the section, we use the
Epanechnikov kernel function K (x) = max{0, 0.75(1 — ).

We first assess the situation in the absence of censoring and truncation and compare
our estimator with the Acar-Craiu-Yao estimator which is obtained by maximizing a
local likelihood function based on a random sample of (Uj, U,). Here since only
(Th,i, Tr;, Z;) are observed, (Uy ;, Uz,;) need to be estimated. We fit the AFT model
on T7;’s and 7> ;’s to obtain estimates of (l?l,i, 02,,-) and then carry out the Acar-
Craiu-Yao procedure. We also study the effect of mis-specifying the marginal models
on the Acar-Craiu-Yao estimator by fitting marginal location shift (LOC) models,
Tk = vkZi +ek, fork =1,2. Acar et al. (2011) suggested a cross-validation rule to
select the bandwidth 4 from 12 candidate values, ranging from 0.33 to 2.96, equally
spaced on the logarithm scale. Since the proposed procedure is developed to work for
all four data structures, the bandwidth selection criterion should not rely on the local
likelihood. Accordingly we choose the value of / that minimizes the cross-validation
criterion

Z 2 Aijl8ij — G—q.j) (zis 7)1 (8)

i=1 j#i

where &_ 1) (zk, z7) is the estimate from minimizing

D18 — &k z) — B (Zi —2) — B3 (Zj — 2P AijKul(Zi — 2, Zj — )]

i<j

without using the concordance of (k, [)th pair.

Asin Acar et al. (2011), the performances based on Kendall’s 7(z) = 2a(z) — 1 are
reported. Three accuracy measures are evaluated: the average squared bias (ABIAS?),
the average variance (AVAR) and the average mean square error (AMSE) denoted as

b
ABIAS®(8) — ﬁ / (E[2(2)] - 7(2))2dz,

a
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Table1 Estimation of 7 (z) without censoring and truncation under marginal AFT models (data structure 1)

(71, v2) =(0,0) 1, v2)=(0.2) v =22
Linear Quadratic ~ Linear Quadratic ~ Linear Quadratic
Our
ABIAS? 0.00003 0.00008 0.00170 0.00453 0.00039 0.00012
(0.00003)  (0.00004)  (0.00019)  (0.00025)  (0.00015)  (0.00005)
AVAR 0.02844 0.01673 0.03455 0.02551 0.03283 0.02403
(0.00143)  (0.00117)  (0.00139)  (0.00137)  (0.00125)  (0.00169)
AMSE 0.02847 0.01681 0.03625 0.03004 0.03322 0.02415
(0.00143)  (0.00117)  (0.00144)  (0.00142)  (0.00124)  (0.00168)
M(h) 0.591 0.831 0.359 0.358 0.373 0.410
SD(h) 0.563 0.702 0.061 0.058 0.0955 0.152
A-C-Y (AFT, correct)
ABIAS? 0.00385 0.00374 0.00431 0.00488 0.00477 0.00486
(0.00040)  (0.00036)  (0.00045)  (0.00045)  (0.00044)  (0.00044)
AVAR 0.01209 0.00866 0.01324 0.01015 0.01233 0.00960
(0.00048)  (0.00047)  (0.00055)  (0.00050)  (0.00052)  (0.00047)
AMSE 0.01595 0.01240 0.01756 0.01503 0.01710 0.01447
(0.00074)  (0.00074)  (0.00084)  (0.00084)  (0.00079)  (0.00081)
M(h) 1.899 1.649 1.852 1.669 1.889 1.680
SD(h) 1.105 0.977 1.134 0.965 1.088 0.970
A-C-Y(LOC, wrong)
ABIAS? 0.00202 0.00182 0.09768 0.20958 0.10368 0.02313
(0.00028)  (0.00020)  (0.00143)  (0.00243)  (0.00117)  (0.00056)
AVAR 0.01153 0.00659 0.01424 0.01515 0.00955 0.00755
(0.00047)  (0.00042)  (0.00037)  (0.00043)  (0.00042)  (0.00032)
AMSE 0.01356 0.00842 0.11193 0.22474 0.11323 0.03069
(0.00064)  (0.00057)  (0.00132)  (0.00227)  (0.00116)  (0.00068)
M(h) 1.841 1.754 0.714 0.657 0.910 0.758
SD(h) 1.142 0.986 0.646 0.618 0.662 0.478

The number in the parenthesis below a quantity is the estimated standard deviation of that quantity
Calibration functions linear 6 (z) = exp(0.8z — 2), quadratic 6(z) = exp(2 — 0.3(z — 4)2), Our proposed
estimator (1), A-C-Y (AFT) Acar-Craiu-Yao estimator by fitting the correct marginal AFT models, A-C-
Y (LOC) Acar-Craiu-Yao estimator by fitting wrong marginal LOC models, M(h) mean of the selected
bandwidth, SD(h) standard deviation of the selected bandwidth. n = 100 and replications = 400

b
1
AVARG) = / E{2(2) — E[?(2)])%dz.
b
AMSE (%) = b% / E{[#(z) — 1(2)]*}dz = ABIAS%(?) + AVAR(%)

a
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Table 2 Estimation of 7(z) without censoring and truncation with marginal AFT models under Frank
copula (data structure 1)

(1, v2)=(0,0) (1, v2)=(02) 1, v2)=Q22)
Linear Quadratic Linear Quadratic Linear Quadratic
Our
ABIAS? 0.00026 0.00020 0.00046 0.00081 0.00098 0.00035
(0.00016) (0.00093) (0.00014) (0.00015) (0.00019) (0.00011)
AVAR 0.03671 0.02731 0.04631 0.04203 0.04584 0.03662
(0.00166) (0.00134) (0.00147) (0.00177) (0.00165) (0.00161)
AMSE 0.03698 0.02752 0.04678 0.04284 0.04682 0.03697
(0.00170) (0.00136) (0.00149) (0.00180) (0.00163) (0.00159)
M(h) 0.622 0.762 0.360 0.350 0.354 0.376
SD(h) 0.547 0.681 0.095 0.048 0.056 0.086
A-C-Y
ABIAS? 0.01285 0.03907 0.01194 0.03861 0.01244 0.03994
(0.00062) (0.00122) (0.00060) (0.00113) (0.00060) (0.00107)
AVAR 0.01709 0.01828 0.01741 0.01696 0.01741 0.01635
(0.00048) (0.00060) (0.00049) (0.00059) (0.00049) (0.00057)
AMSE 0.02995 0.05736 0.02935 0.05557 0.02985 0.05630
(0.00076) (0.00109) (0.00075) (0.00103) (0.00077) (0.00098)
M(h) 0.686 1.555 0.706 1.573 0.743 1.602
SD(h) 0.657 1.129 0.729 1.089 0.746 1.085

The number in the parenthesis below a quantity is the estimated standard deviation of that quantity
Calibration functions linear 6 (z) = exp(0.8z — 2), quadratic 6(z) = exp(2 — 0.3(z — 4)2), Our proposed
estimator (1) with incorrect Clayton copula, A-C-Y Acar-Craiu-Yao estimator by fitting the correct marginal
AFT models with incorrect Clayton copula, M(h) mean of the selected bandwidth, SD(h) standard deviation
of the selected bandwidth. n = 100 and replications = 400

respectively. Here [a, b] denotes the support of covariate Z. That is, a = 2 and
b = 5 for our simulation with Z ~ Uniform(2,5). Also note that we use the
average quantities ABIAS?, AVAR, and AMSE instead of the integrated quantities
IBIAS?(?) = fah{E[f(z)] — 7(2)}%dz, IVAR(?) = fa” E{t(z) — E[t(2)]}?dz, and
IMSE(7) = fab E{[%(z) — 1(z)]*}dz in Acar et al. (2011). The integrated quantities
differ from the corresponding averaged quantities by a factor of b — a = 3. We also
observe that both estimators of 7(z) have larger variances for z closer to the boundary
region.

Based on 400 simulation runs, the empirical accuracy measures ABIASZ2, AVAR,
and AMSE are shown in Table 1. The standard deviations of ABIAS2, AVAR, and
AMSE are also reported. When fitting the correct AFT marginal model, Acar-Craiu-
Yao estimator performs better. This is expected as Acar-Craiu-Yao estimator utilizes
the correct likelihood function while our estimator only uses the pairwise concordance
information without imposing any marginal model assumption. However, when the
wrong LOC marginal model is used, ABIAS?(?) for the Acar-Craiu-Yao estimator
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Table 3 Estimation of t(z) based on bivariate data with independent censoring (data structure 2)

1, v2)=(0,0) 1,v2)=02) 1. v2) =22

Linear Quadratic Linear Quadratic Linear Quadratic
ABIAS? 0.00020 0.00023 0.00039 0.00129 0.00096 0.00026

(0.00009) (0.00014) (0.00012) (0.00021) (0.00029) (0.00010)
AVAR 0.05766 0.02785 0.05706 0.03787 0.07536 0.04029

(0.00338) (0.00187) (0.00237) (0.00245) (0.00344) (0.00259)
AMSE 0.05787 0.02808 0.05746 0.03916 0.07632 0.04055

(0.00337) (0.00182) (0.00237) (0.00246) (0.00349) (0.00256)
M(h) 0.753 0.968 0.375 0.382 0.406 0.493
SD(h) 0.694 0.814 0.096 0.093 0.127 0.242
Cenl 0.249 0.249 0.001 0.001 0.246 0.249
Cen2 0.395 0.398 0.403 0.396 0.390 0.401

The number in the parenthesis below a quantity is the estimated standard deviation of that quantity
Calibration functions linear 0 (z) = exp(0.8z — 2), quadratic 0(z) = exp(2 —0.3(z — 4)2), Cenl censored
rate of 71, Cen2 censored rate of 7>, M(h) mean of the selected bandwidth, SD(h) standard deviation of the
selected bandwidth. n = 100 and replications = 400

Table 4 Estimation of t(z) based on semi-competing risks data with independent censoring (data
structure 3)

(71, 72) =(0,0) (1, 72)=(0.2) 1, v2)=(2.2)

Linear Quadratic Linear Quadratic Linear Quadratic
ABIAS? 0.00108 0.00019 0.00070 0.00150 0.00052 0.00015

(0.00050) (0.00010) (0.00020) (0.00019) (0.00019) (0.00006)
AVAR 0.07918 0.03640 0.05651 0.03650 0.09390 0.04899

(0.00421) (0.00358) (0.00212) (0.00219) (0.00428) (0.00432)
AMSE 0.08027 0.03660 0.05722 0.03800 0.09442 0.04915

(0.00442) (0.00363) (0.00211) (0.00220) (0.00435) (0.00432)
M(h) 0.771 1.109 0.378 0.380 0.418 0.552
SD(h) 0.702 0.912 0.111 0.086 0.134 0.285
Cenl 0.391 0.352 0.002 0.001 0.392 0.349
Cen2 0.398 0.401 0.396 0.393 0.401 0.403

The number in the parenthesis below a quantity is the estimated standard deviation of that quantity
Calibration functions linear 0(z) = exp(0.8z — 2), quadratic 0(z) = exp(2 —0.3(z — 4)2), Cenl censored
rate of T, Cen2 censored rate of 7>, M(h) mean of the selected bandwidth, SD(h) standard deviation of the
selected bandwidth. n = 100 and replications = 400

inflates, resulting in larger AMSE than the proposed estimator. The results confirm
that the proposed estimator is more robust since it does not require any assumption on
the marginal models.

Since our simulations use the Acar-Craiu-Yao estimator with (0 lis lA]z,,') esti-
mated from the marginal model, the empirical accuracy measures reported here are
larger than the numbers shown in Acar et al. (2011) where data of (U;;, Ua;) are
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Table5 Estimation of 7(z) based on dependent truncated data with independent censoring (data structure 4)

1, v2)=(0,0) 1,v2)=02) 1. v2) =22

Linear Quadratic Linear Quadratic Linear Quadratic
ABIAS? 0.00006 0.00005 0.00129 0.00340 0.02234 0.06050

(0.00005) (0.00005) (0.00018) (0.00024) (0.00089) (0.00143)
AVAR 0.03292 0.01709 0.03576 0.02410 0.04816 0.03878

(0.00125) (0.00095) (0.00113) (0.00093) (0.00121) (0.00127)
AMSE 0.03298 0.01715 0.03706 0.02750 0.07050 0.09929

(0.00127) (0.00098) (0.00116) (0.00100) (0.00166) (0.00222)
M(h) 0.609 0.915 0.363 0.359 0.336 0.333
SD(h) 0.525 0.773 0.071 0.064 0.019 0.008
Cen2 0.168 0.183 0.136 0.143 0.178 0.185

The number in the parenthesis below a quantity is the estimated standard deviation of that quantity
Calibration functions linear 0(z) = exp(0.8z — 2), quadratic 0(z) = exp(2 —0.3(z — 4)2), Cen?2 censored
rate of T», M(h) mean of the selected bandwidth, SD(/) standard deviation of the selected bandwidth.
n = 100 and replications = 400

directly available. As expected, the extra estimation of (Uj;, Uz ;) degrades the
performance of the Acar-Craiu-Yao estimator but cannot be avoided in practical
applications.

In Table 2, we examine the robustness issue for choosing the correct copula function
for both our estimator and Acar-Craiu-Yao estimator. The simulation setting is similar
to that of Table 1, but we set (Uj ;, Uz ;) to follow the Frank copula instead of the
Clayton copula. Table 2 presents performance of our proposed estimator and Acar-
Craiu-Yao estimator both assuming the incorrect Clayton copula. From the results,
both estimators become less accurate with the wrongly specified copula. But the largest
AMSE for our estimator under the wrong copula model is still < 5 %.

We also examine the performances of the proposed estimator when the data fol-
low the second, third and forth data structures. Note that the Acar-Craiu-Yao pro-
cedure does not work for these situations and thus cannot be compared. In Table 3,
the censoring variables (Cy, C2) are generated independently from (77, 72), where
C1 = —1.5exp(y22)log(Usz), C, = —1.5exp(y2Z)log(Us), and U3z and Uy are
uniform(0, 1). In Table 4, C is generated independent from (77, 7>) and follows C =
—1.5exp(y2Z) log(Us), where Us follows uniform(0,1). In Table 5, (U; ;, Uz ;) are
generated from the extended Clayton copula C‘g( 7 (U1, u2) instead of Cg(z;)(u1, uz),
and C is generated independent from (77, 77) and follows C = —6 exp(y2Z) log(Us),
where Uy follows uniform(0,1). Compared to the first data structure, the latter three
data structures are subject to censoring. Thus the effective sample size decreases,
resulting in larger estimation errors. In the worst case, AMSE is < 10 %.

5 Data example

For illustration, we apply the proposed methodology to analyze the bone marrow
transplant (BMT) data on page 484 of Klein and Moeschberger (2003), which contains
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Fig.1 The estimated function of 7(z) using Epanechnikov kernel for the bone marrow transplantation data
where z corresponds to the age of the patients. The first plot is 7 (z) with the bandwidth h* selected by (8),
the second plot is 7 (z) with the bandwidth 2h*, the third plot is 7(z) with the bandwidth 0.57*

137 leukemia patients receiving bone marrow transplants. Of these patients, 40 died
without relapse, 40 died after relapse, 54 were alive without relapse at the end of
study period, 3 were alive after relapse at the end of study period. Using the time
of transplantation as the origin, we consider the following two survival times: 77 is
the time to relapse of leukemia and 75 is the time to death. Then 7 and 7> can be
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Fig. 2 The estimated function of 7(z) using Epanechnikov kernel for the bone marrow transplantation
data: for the AML-Low group and the other patients group respectively where z corresponds to the age of
the patients. The first plot is 7 (z) with the bandwidth 4* selected by (8), the second plot is 7(z) with the
bandwidth 2/*, the third plot is 7 (z) with the bandwidth 0.5h*

considered as the second structure of semi-competing risks data. Lakhal et al. (2008)

showed that the two times 7} and 75 are correlated with Kendall’s tau T = 0.80.
Ding et al. (2009) considered marginal regression of 77 and 77 under dependent

censoring. In particularly, based on their status at the time of transplantation, 54 patients
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Fig.3 The smoothed density for the age of patients in the bone marrow transplantation data. The density is
estimated using the R-function density which uses a Gaussian kernel function and the automatically chosen
bandwidth /& values displayed in the figure

were classified into the AML-Low group. It is found that patients in the AML-Low
group tend to have longer survival time (7>) and relapse time 77 than other patients
in the study. The patient’s age, a continuous covariate, does not have statistically
significant effect on both marginal distributions of 77 and 7>. However this analysis
makes an implicit assumption that covariates (such as patient’s age) do not influence
the association between 77 and 75.

Here we illustrate our method by estimating the association between 77 and 75 as a
function of patient’s age (z). Note that the Acar-Craiu-Yao estimator is not applicable
to this data structure. Figure 1 plots the proposed estimator of t(z) for all patients.
The two dotted lines are the 95 % pointwise confidence interval using the bootstrap
percentile method. Specifically we generate bootstrap data from the original data and
then compute 7*(z) based on the bootstrap sample. Repeating this procedure B times,
we obtain 7(z) (b =1, ..., B). Then the (1 — y) confidence interval of 7(z) can be
constructed as [t(*By/z) (2), T:B(l—y/Z))(Z)]’ where r(*;)) (z) (b =1, ..., B) are the order
statistics of f[j‘ (z) (b = 1,...,B) and y is the significance level. The result shows
that the association between the relapse time and survival time is highly positive and
significantly different from zero. It appears that patient’s age does not significantly
affect the association structure. We obtain that >, 7(z;)/n=0.81. The result agrees
with the analysis by Lakhal et al. (2008) and Ding et al. (2009).

We can take a closer look at the data by applying the proposed analysis to dif-
ferent risk groups. In Fig. 2, we plot the estimated function of 7(z) for the AML-
Low group and the group of other patients. The plot shows that the association t(z)
decreases with patient’s age in the AML-Low group, and increases with patient’s
age in the other group. Although the difference in the association pattern is not
significant due to small number of older patients in the two groups, our analy-
sis still reveals some interesting phenomenon to medical practitioners. In the first
two figures, we also plot the results using half and double the bandwidth selected
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by (8). The pattern of age effect on association remains the same. However these
additional two bandwidths do seem to undersmooth and oversmooth the association
patterns.

Note that Figs. 1 and 2 only draw the middle range of the age distribution where
there are enough patients for estimating 7 (z). We do not include the results for few
very young or very old patients because the resulting estimates of t(z) have high
variance and hence are not reliable for these z values. Figure 3 shows the estimated
density of the age distribution in this data set.

6 Concluding remarks

We propose a nonparametric approach to estimating the association parameter as a
function of covariates. This novel technique uses the pairwise concordance indicator as
the response variable and so is not a direct application of existing local linear regression
methods. Most traditional nonparametric methods are rank-based procedures which
cannot be immediately applied when censoring or truncation occurs. As a result, the
rank statistics are often re-expressed in terms of pairwise order relationship. The
proposed approach is the first smoothing technique based on pairwise quantities.

When complete data are available, our method can be compared with the likelihood-
based approach of Acar et al. (2011). Although the proposed method seems to be less
efficient, it does not require specifying the marginal models and hence is more robust.
Furthermore our approach, like the Acar-Craiu-Yao approach, also works for non-
Clayton copula models. For those models with a(z) = 2 [ [ Cy)(u, v)dCo () (u, v),
we can also translate «(z) into the parameter 6(z) of the given copula.

The Clayton assumption is not needed for complete data since the proposed method
directly estimates a(z) = Pr(§;; = 1|Z; = Z; = z) which involves no model
assumption. For the other three data structures the Clayton model is assumed to result
in non-informative missing patterns for §; ;. With the non-informative missing patterns,
a(z) is the same as the concordance probability among comparable pairs a*(z) which
is estimated by our local linear estimator. Extension to non-Clayton copula families
without the non-informative missing property would produce additional problems
which are not our focus here.

Appendix 1: Proof for Equation (2)

To show that the missing mechanism is non-informative under censoring, we consider
the localized association measure in Oakes (1989). Leta* (s, t; z) = Pr(8;; = 1|T1; A
Tj=s,T; NTrj=t,Z; = Zj = 7). For Clayton copula, this localized measure
remains a constant over time, that is,

(s, 1 7) = a(z). 9)
This property ensures that Eq. (2)holds under censoring. Let f (s, ¢; z) denote the joint

density function for T1; A T1,j and T ; A T3 ; conditional on Z; = Z; = z. Then
a(z) =Pr§j=11Zi=Zj=2)= fsoio ftozoo f(s, t; Da*(s, t; 2)dsdt.
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For the second data structure, let G(s,t;z) = Pr(Y1, A Y1 > s, Y2, A Y2 >
t|Z; = Z; = z) denote the joint conditional survival function for pairwise minimum
of the censoring times. Then

o (0.¢]
—0 Jimo S5, 1 2)G (s, 15 2)a* (s, 15 2)dsdt
Pr&j=11Aj=1,Z =2, =2) = Lizo ftgoofoo
Jico i f(s.1:2)G (s, t; 2)dsdt

which equals «(z) by (9).
For the third data structure, let G*(¢; z) = Pr(Y; AY; > t|Z; = Z; = z) denote
the conditional survival function for ¥; A Y;. Then

[0 [ fs.1:2)G* (1 2)a* (s, 15 2)dsdt

Prdj=1A;=1,2=2Z;=2) =
G = 1143 i=2i=79 JiZ0 JZ5 f(s.1:2)G*(1: 2)dsdt

which again equals «(z) by (9).

For the fourth data structure, consider the localized measure a™*(s,7;z) =
Prj =1, vT,j=sTh =t 2 =Z;= z). Then a™* (s, t; z) remains a
constant «(z) over time under the pseudo-Clayton copula due to the correspondence to
a*(s, t; z) forthe Clayton copula. Again,let G*(t; z) = Pr(Y;iAY; > t|Z; = Z; = z2)
denote the conditional survival function for ¥; A Y;. Then

[ 20 [Z f(s, 120G (5 D)™ (s, 15 2)dsdt

Prdij=1Aij=12i=Zj=2) =
(3ij [Ajj i J ) fs‘:() Lojg f(s,t;2)G*(t; 2)dsdrt

which equals «(z) by constancy of «**(s, ¢; z) over time.

Appendix 2: Proof of the Theorem 1

First we rewrite the solution to (1) in matrix terms. The design matrix Z, for (1) is
denoted by

1 (Zi-27 (Z-2T
1 (Zi-2"  (Zz3-2T
Z,=,(Zij—")icj =

1 (Zno1 =27 (2,27

The weight matrix is denoted by W, = diag{A;; Ky (Z;j — z)};<j. And the local
linear estimator becomes

@ _
(B) = (ZI'W.2,)"'2TW 8.
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Thus
a=el @ZIW,2,)7'2TW,38, (10)

where e is the (2d + 1) x 1 vector with 1 in the first entry and all other entries 0.

To simplify the notations, in the following calculations, we denote E[&] and Var[&]
as the mean and variance conditional on Z1, ..., Z, (or equivalently conditional on Z,).
That is, computing the mean and variance coming from randomness of § only.

2 a(z1, 22)
Denote the gradient of «(z) as D,(z) = ( g and the Hessian matrix
z1=22=2

0 ~
Ea(zuzz)

of w(z) as
32 - 32 -
3213Z|T(¥(Z1,Zz) —amazga(m,zz)
He(z) =
P 4(z1,20) —Lrd(z1, 22)
dz20z7 1, 22 922027 1, <2 =23=2

Then by the Taylor expansion,
- 1
a(Zij) = a(2)+(Zij — 1) Dy (2) + 5Zij = 2) Mo (2)(Zij — 2) + 0, (1 Zij — zI|*)

Denote A = E(8|Zy, ..., Z,) = (a(Z;}))i <. Hence we have

_ a(z) 1
A= ZZ (DQ(Z)) + EQ(X(Z) +Ra(Z)

where

Q) = ((Zij =" Ha(2)(Zi — )

i<j
(Z12 — )" Ho (2)(Z12 — 2)
(Z13 — )T Ho(2)(Z13 — 2)

=| (Zin— Z)THa(Z)(Zln —1z) s
(Zs — )T Ho (2)(Z23 — 7)

(Z(n—l)n - Z)THO((Z)(Z(n—l)n —1)

and Ry (z) is the vector of Taylor series remainder terms.
Accordingly, plug the above expression into (10), we get

E@|Z1,....Zy) = el (ZTW,Z,)"'ZTW A
=a(z) + el (ZTW.Z,)'"ZTW.[5Qu(2) + Ra(2)].
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As in the usual local linear regression setting, the bias of & is about
1 -
el @IW:2:) ™ 2] W.Qu(2) (1n

because the term el (ZTW,Z.)"'ZT W_R, (2) is of smaller order. The variance of &
is

el ZIW,2) 'ZIW_ Var ()W, Z,(ZIW.Z,) e;. (12)

However, unlike the usual local linear regression, these expressions need more careful
analysis because (a) the terms §;; in § are not independent and (b) the weight matrix
involves extra correlated random variables A;;.

First, from Appendix 3 we obtain

T _nn—1)_ 2~ (1 0 -
ZZ WZZZ - 2 g(Z’ Z)[fZ(Z)] H[(O /JLZ(K)IZd) + Op(l)]Ha (13)
where
1 0 O
H=[0 H 0 (14)
00 H

Then from Appendix 4, We have

ZIW.Qq(2)
n(n — gz ) fz@ 1P (K)tr{H*Hy (2)} + 0,(ntr(H?))

=1, [ H31
n
g H31
Thus the bias of & is
1
el @i W.2) " 2 W.Qu(2) + op(tr(H?) = po(K)tr{H*Ho (2)} + 0, (tr (H?))
Secondly from Appendix 5,
ZIW.Var@W.Z, — n(n — D(n = 2)|H|"'§(z, 2, D& (2, 2, Do (K[ f2()T
1 0,H1]" 0,[H1]T

x | 0,[H1] O,[H*] 0,[H?]
O,[H1] O,[H*] O,[H?]
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Using this and (13), we have the variance of & as
el (ZIW,2) "2 W Var ()W, Z,(ZIW.Z,) e,

_A(n = 2)§(z. 2, 9)a(z, 2, Dpo(K?)
= DIHIEGE 9P f2(:)

+o,(n HITY.

Notice that the order of variance is O, (n~ Y H|7") instead of O » (n"2|H|™"), the latter
of which is the variance when §;;’s are independent for usual local linear regression
setting.

Appendix 3: Analysis of the matrix (ZZTWZZZ)

The matrix (ZZTWZ Z..) can be rewritten as

Sy ST
ZZWZZZZ(S(I) S;)’

where
So = Zi<injKH(Zij —1),
Sp = Zi<injKH(Zij —2)(Zij — 2),

T

S = Zi<injKH(Zij —z)(Zij —0)(Zij — 7).
Compared to ordinary local linear regression, the terms S, k = 0, 1, 2 here (a) are
not i.i.d. sums and (b) contains the extra random variables A;;. Thus more careful

asymptotic analysis is required. Denote

8(z1,22) = E[AnlZ) =21, Z2 = 22],
8(z1,22,23) = E[ApAB|ZI =21, 22 = 22, Z3 = z3].

Then we have
EIS01Z1. e Zal = E X, 8ijKu(Zij =221, 70
= Z 8(Zi, Z)Ku(Z;ij —12)
1<j
1 ~
= Ezi#jg(ziv Zj)Kn(Zij — ).
The above expression converges to the limit

1 —1
EZi;ﬁjg(Ziv Z)Ku(Zij —z) —> %//g(m, )| HITPK(H (21 — 2))

x K(H (22— 2)) f2(21) f2(z2)dz1d 22
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nn—1) .
= —2 //g(Z+Hu1’Z+HMZ)K(MI)K(MZ)]CZ(Z"‘HM])
—1
X fz(z +uz)duyduy = %é(z, Z)[fz(z)]2[1 + o],

using change of variable u; = H Yz; — 2) and u» = H '(zo0 — 7). Hence
E[S0|Z1, -.os Zn] = ™52 2(2, D[ f2(P[1 + o(D)].
The variance of S is

Var[SolZ1, ..., Zn] = ZZCOU[AinH(Zij —2), AuKy(Zy — 2)| 2y, ..., Za]

i<j k<l
= > Var[AjKu(Zij —2)]

i<j

+ > Cov[AijKu(Zij —2), AikKn (Zix — 2)]
i<(j#k)

+ Z Cov[AijKp(Zij — 1), Aj Ky (Zij — 2)]
(i#k)<j

+ D Cov[AijKu(Zij —2), AjuKp(Zjx —2)]
i<j<k

+ D Cov[AijKyu(Zij —2), MiKp (Zii —1)] +0
k<i<j

= A1+ A+ Az + Ay + As.
Here the Var and Cov in A;’s are conditional on Z1, ..., Z,, as before. We abuse the

notations for abbreviation.
By symmetry, the first term

nn—1)

A1 =) Var[AjKu(Zij — )] = —— Var[AnKu(Zin =2,
i<j
which becomes
”("T_”E {(anKL(z2-2P) - @{E [AKi(Zi2 — D]
Hence
A ="V, 2Kz - Py - 20D

2 2

x {E[§(Z1, Z)Ku(Z12 — )]}
_nn—1 5 ) -1 -1 2
=—5 g1, 2)HI""K(H (21 —2)K(H™ (22 — 2))]
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nn—1) - s _
x fz(z1) fz(z2)dz1dz2 — 7 8(z1,22)|HI""K(H (21 — 2))

2
x K(H (22— Z))fz(m)fz(Zz)lede]

n(n

= |H|7 // (z4 Huy, z + Hu2)[K (u1) K (u2)]?
X fz(z+Hu1)fz(z+Hu2)du1du2
”("_1) [//g(z+Hu1 2+ Huo)K () K (u2)

|H|?

2 —_
x fz(Z+HM1)fZ(Z+HM2)dM1du2] - ”(”2 D

nn—1)
2

x &(z, Dpo(KH P f2(2)]* — {1 (K)1PLE (2, 2) f2(2) 1)

nn—1)

|H| 725 (z, 2)[o(KH1PLf2 ()1, (15)

where 110(K?) = [[K (u)]*du and 11 (K)
drop a term ““SE[A K (Z12 — 0)]
term becomes

J K (u)udu. And in the last step we
Op(nz) since |H| — 0. The second

Ay = D CovlAijKu(Zij — 1), AixKu(Zix — 7))

i<(0)

nn—1)(n—-2)
= +COU[A12KH(Z12 —12), Ai3Kp(Z13 — )]

D -2
_ WE[AHABKH@Z —DKu(Zis —2)]
—Din—-2

- MDD EiAnKn zi — 1P

nn—1Dn-2) 3
= fE[g(Zl» 22, 23)Ky(Z1o —2)Ky(Z13 —2)] — Op(n”)

—Dn-2
- n(nf)(n)///g’(m,12,23)[|H|_2K(H_1(11_Z))

x K(H ' (za —2)I[|H| 2K (H™ " (z1 — 2)K (H™ (25 — 2))1f2(z1) f2(22)
X f7(z3)dz1dz2dz3 — Op(n?)

—1 )
N wng,(Z’ 2 Dno(KAF2 )P 6

Then by symmetry, it is easy to see that

—Dn -2
Ao = Ay = Aa=As — "D ez gD O
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Thus

—1
Var(SolZ1, .., Zyl — "(”2—)|H|‘2§<z, Dlo(KH1?

x [fz()1 +nn — D(n —2)|H| ' ¢z, 2, Do (KD f2(2)
= 0,(*[H|? +n’[H|T
=0,(n") = 0, {[E(SO|Z1, ..., Zn)T*},

sincen|H| — oo as assumed in condition (ii). Therefore Sy — "(”;]) gz, )l fz @7
Notice that if §;;’s are i.i.d, the variance of So would be of order O, (n%|H|~2 which
is dominated by the extra term O, (n3|H|™1) due to the correlation among some pairs
of §;;’s. Fortunately, the new order O, (n3|H|™1) is still dominated by the order of
[E(SolZy, ..., Z)? = Op(n4), ensuring the convergence of Sp.

Similarly, it follows that

E[S1|Zlv ceey Zn]
nn—1)

= TE[é(Zl, 2)Kp(Z12 —2)(Z12 — 2)]

_
:”(”2 )//g(m,zz)lHl_zK(H_l(Zl—Z))K(H_I(U_Z))

x f7(z21) f2(z2) (2 :j)dmdzz -

nn-—1) -
=T//K(ul)K(uz)g(Z-l-Hul,z—i-Huz)fz(z—i-Hul)

X fz(z+ Hus)H (Z;) dudus
nn—1)

= THgv(z, Iz (

o(K)p1(K)

2
Mo(K)/u(K)) +opTIH]).

Recall that uo(K) = [ K(u)du = 1 is a scalar, u1(K) = [K(u)udu is a d-
dimensional vector. With the technical assumption of kernel K, 11 (K) is a zero vector.
So E[S1|Z1, ..., Zy] = 0,(n?|H|). If we look more carefully,

g(z+ Huy, z+ Huz) fz(z + Huy) fz(z + Huz)
=2z, AfzQF + f2(2)DLf, () Hur + f2(2)D}, (2)Huz + O, (|H )

where Dgr, (z) = {%[g(x, ¥) fz(x)]}x=y=; is a d-dimensional vector. By symmetry
of g(x, y), we also have D, (z) = {%[g(x, ¥) fz(3)1}x=y=;. Using this expansion,

H?Dyy, (2)
H?Dyy, (2)
0,(*|HI*) = 0,(n*|H)).

nn—1)

E[Sl|Zla ceey Zn] = —I‘LZ(K)(

5 )fz(z)[l +o(1)]
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The variance of S follows that

Var[Si|Zi, ... Zal = D > CovlAijKu(Zij — 2)(Zij — ),
i<j k<l
X A Ky (Zk —2)(Zy — 2)]

= Z Var[AijjKp(Zij —2)(Zij — 7)]

i<j

+ D CovlAijKu(Zij — 2)(Zij — 7). MK (Zi — 2)(Zix — 2)]
i<(j#k)

+ D CovlAijKu(Zij — 1)(Zij — 7). MK (Zij — 2)(Zij — 1)
(i#k)<j

+ > CovlAjKu(Zij — 2)(Zij — ). AjKu(Zjk — 2)(Zji — )]
i<j<k

+ z Covl[A;jKg(Zij —2)(Zij —2), Ai Ky (Zyi — 2)(Zyi — 2)] +0

k<i<j
= 0,(*) + 0,(’|H|) + 0,(n’|H|) + 0,0’ |H|) + O, (n’|H|)
= 0,(n*) + 0,(n’|H)
= op(n*|H[?),

with the last step coming from condition n|H| — oo. So we get S; = op(n2|H|).
nn—1)

E[S20Zy, ..., Zy] = TE[g(Zl’ Z)Ky(Zia —2)(Z1a —2)(Z12 —2)7 ]

_nn—1 ~ -2 -1 -1
=5 8(z1,22)|HI""K(H™ (21 —2)K(H™ (22 — 2))

@G- -7 @ -2@-27
x fz(z1) fz(z2) z1dz

(- -7 (- -7
nn—1) _ (18)
= T//K(ul)l((uz)g(z + Huy,z+ Huy)

Hu1u1TH Hu1u2TH
X fz(z+ Huy) fz(z+ Huy) duydus

HuzulTH HuzuzTH

nn—1)_

2 H2 0 2 2
= Tg(z,z)[fz(z)] pa(K) , )T op(TIHID),
0 H

and

Var($21Z1, .., Zy) = O, (n?|H|?) + 0, | H*) = 0,(n*|H|*).
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Hence,

H? 0
$1 = 2 (K) (0 Hz) +op?|HP).

Combining all the results together, we get Eq. (13)

. nn—1) (1o L0
Z; W1, = > 8z D fz17 | 0 ma(K)H” 0 [140,(D].
00 wr(K)H?

Appendix 4: Analysis of the vector ZI W, Q, (z)

Now we have

ZTW.0. () (Zi<j[AinH(Zij —2)(Zij — )T Ho(2)(Zij — 2)] )
7 Lo )= .

S8 K (Zij = D(Zij — D Ho () (Zij — D)(Zij —2)

First,

E lZ[AinH(Zij —2)(Zij —2) Ho(2)(Zij — Z)]]

i<j
nn—1) T
= 5 E[g(Z1,Z2)Ku(Z12 — 2)(Z12 — 2) Ho(2)(Z12 — 2)]
—1
:"("2 )//g’(a,zz)lHl_zK(H_l(m—Z))K(H_l(zz—z))

AT AT i1 =2
x fz(z)fz(z2)((z1 —2)", (22 — 2) )Ha(z)(zz_z)dmdzz 19)

nn—1)

= 5 //K(ul)K(uz)g(z+Hu1,z+Hu2)

X fz(z 4+ Huy) fz(z + Huz)lul HHo(2)Huy + ul HHo (2) Huzldu dus

nn

—1
= [ RGOK @G+ Hun + Huo fo(e o+ Hun) fG o+ Hu)

X [tr{H’Ha(z)Hu]u]T} + tr{HHa(z)Huzug}]dulduz
=n(n — 1§z )z ra(K)tr{H*Ho(2)} + 0,(n*tr (H?));
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and
Var 1 > [AijKu(Zij — 2)(Zij — 1) Ho(2)(Zij — 2)]
i<j
= 0,(n’tr(H») + 0,3 tr (H?) = o, (n*tr (H)*).
Thus
Z[AinH(Zij —2)(Zij — 2)" Ho (2)(Zij — 2)]
K; n(n — Dg D2V wa(K)tr{H*Hy (2)} + 0, (n*1r (H?)).
Secondly,

E 'Z[Ai, Ku(Zij —2)(Zij — 1) Ho (2)(Zij — D(Zij — z)]
i<j

nn—1)  _ T
= 3 E(g(Z1, Z)Ku(Zio —2)(Z12 — 2)" Ho(2)(Z12 — 2)(Z12 — 2)]

nn

_ =D g( HIT2K(H (21 — 2)K(H (22 —
= 5 8(z1,22)|H| ( (z1 —2))K( (z2 —2))

f2@D) f2(22) [((m 27, (@2~ 2D Ha(2) (2 - Z)] (Z‘ - Z) dz1dz

z 22—z
Zn(nz— 1)//I((u1)K(uz)g(z+Hul,erHuz)fz(z+ILIMI)fz(ZW”LI’“)

uy
uz

=0, |n® H1 (20)

o H1) |’

where 1 denotes the d-dimensional vector with all entries as one. Hence

(] HHo(z) Huy + ul HHy (z) Hus) (g ) duiduy

Var [Z[AUKH@U —2)(Zij — ) Ha () (Zij — DI(Zij — z)] =o0,(n*HY.

i<j

We have

3
Z[AinH(Zij —2)(Zij — ) Ho () (Zij —D(Zij —2) = O, |:"2 (Zsi)] .

i<j
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Therefore

ZIW.Qq(2)
n(n — Dgz, D f2@Pua(K)tr{H*Hy (2)} + 0, (n2tr (H?))

o ()

Appendix 5: Analysis of the matrix (ZZTWZ Var(8)W;Z,)

The matrix (ZZTWZ Var(8)W,Z,) can be rewritten as
T Sg (SpT
Z, W Var()W.Z, = §F g ,
192

where

So = ZZAinH(Zij —2)Au Ky (Zy —2)Cov(8ij, Sk),
i<j k<l

St =" AMijKu(Zij — 1) AuKu(Zi — )Cov(Sij. 8u)(Zij — 7).
i<j k<l

21

S5 = ZZAinH(Zij — ) A Kp(Zi — 2)Cov(8ij, §u)(Zij — 2)(Zij — )" .

i<j k<l

Notice that Cov(8;j,8i) = O fori # j # k # [. So the double summation in
S,’j, k =0, 1, 2 actually involves less than [n(n — 1)/2]2 terms, however, there is more
than the n(n — 1)/2 terms for independent §;;’s. Similar as in Appendix 1, we have

the following decomposition

S5 =D NijKp(Zij —0a(Zi, Z))

i<j

+ > AijAKy(Zij — 0Ky (Zix —D3(Zi, Zj, Zx)

i<(j#k)

+ Z ANijANKy(Zij — Ky (Zij —2)a(Zj, Z;, Z)

(<)
+ z NiiANjKy(Zij — ) Ky (Zjx —na(Z;, Zi, Zi)
i<j<k

+ Z AijAiKa(Zij — Ky (Zii —2)a(Zi, Z;, Zi),

k<i<j

(22)

where &(Z;, Zj, Zy) = Covld;j, Sik|Aij = Aix = 1, Z;, Zj, Z] = E[8i;8ik| Aij =

Aix=1,2;,Z;, Zx] — a(Z;, Zj)a(Z;, Zx). Hence
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E[S}1Z1. ... Zu) = D EIK}(Zij — 08(Zi. Z)a(Zi. Z))]

i<j

+ D ElKu(Zij — DKu(Zix — 28(Zi. Zj, Z&(Zi Zj. Zi)]
i<(j#k)

+ > ElKu(Zij — DKu(Zy — D8(Z}, Zi, ZO&(Z}, Zi, Zp)]
(i#k)<j

+ D EIKu(Zij — DKu(Zjx — DE(Z}, Zi, ZO&(Z}, Zi, Zy)]
i<j<k

+ D ElKu(Zij — )Ku(Zi — D8(Zi, Zj, Z&(Zi, Zj, Zp)]
k<i<j

= B1 + B> + B3 4+ B4 + Bs. (23)
For the first term,
nn—1) 2 ~ -
B = TE[KH(le —2)8(Z1, Zr)a(Zy, Z7)]

1
:%//5(21,Zz)&(z1,22)[|H|_2

x K(H ' (z1 — 2)K(H Y22 — D) f2(21) fz(z2)dz1d 22

nn—1 - -
ne =D > )IHI_z//g(erHul,z+Hu2)oc(z+Hu1,z+Huz)

% [K (u)K ) fz(z + Huy) f2(z + Huz)duidus

—1
n(nz L1125, DG Do KO @ + 0,(?|H|72).

For the second term,
By= > ElKy(Zij —DKu(Zix —DE(Zi, Zj, ZO&(Zi, Zj, Zi)]
i<(j#k)

== DD pia(2, 20, 290620, 2o, 250K (212 — DKt (Z13 — )]

4
-1 -2
W///é(m,m,zs)&(mv@v“)

x [[HI?K(H (21 — 2)K(H (22 — DIHI 2K (H (21 — 2))

x K(H Y23 — 2)1f2(z21) fz(22) fz(z3)dz1dz2d 23

. nn—1)(n—2)
N 4

|H| ™' 8(z, 2, 2)a(z, 2, D)o (KA f2(F + 0, |H| ™).
(24)
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Similarly we have

nn—1)(n-2)
—
X [fz@F +op’1HITH.

B3y = By = Bs = |H|'8(z, 2, 2)d(z, 2, )10 (K?)

Therefore

E[SY1Z1, ooy Zyl = n(n — 1)(n — 2)|H| 7' 8(z, 2, )& (z, 7, 2) o(K?)
x [fz()1 +0,(n® | H|Y.

Since Var(S§1Z1, ..., Zn) = O, (n’|H|~3), we have
Sg = n(n—1)(n—2)|H| '8z, 2, 2z, 2, Do (KD f2()T.

Similarly, we have

St =" AKE(Zij — D&(Zi, Z))(Zij — )

i<j
+ Z AijAixKu(Zij — 1) Ku(Zix — D)a(Z;, Zj, Zi)(Zij — z)
i<(j#k)
+ D NjMGKu(Zij - DKy (Zi — D&(Z), Zis Zi)(Zij — 1) (25)
(i#k)<j
+ D NjARKy(Zij — DKy (Zjx — D(Z), Zis Zi)(Zij — 7)
i<j<k
+ D NijMiKy(Zij — DKy (Zii — D&(Zi, Zj. Zi)(Zij — 7)
k<i<j

_o (H1 1 ( H1
= O,ln*|H| 2(,1,1)]+0,,[n3|H| 1(H1)1,

S5 = NijKy(Zij — Da(Zi, Zj)(Zij — 2)(Zij — )"

i<j

+ Z Aij Ak K (Zij — Ky (Zik — 2)3(Zi, Zj, Zi)(Zij — 2)(Zig —2)"
i<(#)

+ 2 Aij A Ku(Zij — DK (Zij — 2)(Zj, Zi, Zi)(Zij — 1) Zij —2)"
(i#K)<j

+ D NjARKH(Zij — DKy (Zjx — &(Z). Zin Zi)(Zij — ) (Zjx — )"
i<j<k

+ Z AijAiKu(Zij — DKy (Zii — D0(Zi, Zj, Z)(Zij —2)(Zii — )"
k<i<j

H?0 H? H?
2712 371
=0, |:n |H| (0 H2):|—I—Op |:n |H| (H2 Hz)i|. (26)
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Therefore

ZZWZ Var(§)W,Z, — n(n — 1)(n — 2)|H|"'8(z, z, 2)@(z, z, Do (K D[ f2(2)1?
1 o,lH1N" 0,[H1]T
x | O,[H1] O,[H*1 0p[H?]
O,[H1] O,[H?*] 0,[H%]

Appendix 6: Proof of Theorem 2

Here we modify the proof of Theorem 1 similar to the proof of Theorem 2.2 in Ruppert
and Wand (1994). The key point for boundary treatment is to write the estimator (10) in
terms of the equivalent kernel K*(u; z) = e] (ZIW,Z,)'(1 (u — 2)")T Ky (u — 2).
Then &(z) = >, _; K*(Zij; 2)Aijdij,

S KXZijiohi=1. > K*(Zij:2)Aij(Zij —2) =0. (27)

i<j i<j

The moment condition (27) ensures the asymptotic conditional bias and variance are
given by (11) and (12) at both the interior and the boundary. Then we only need to
check the derivations in Appendices C to E to get different approximations for matrices
ZZT W.Z, and ZZ W_Var(8)W_,Z,. Atboundary points, the integral of kernel function
K (u) over the whole range would be replaced by its integral over only the region D; .
Thus the quantities in Theorem 1 are modified accordingly.

Quick examination of Egs. (15)—(18) shows that, at boundary point, Eq. (13) should
change into

_ ] - o
Z'W.Z. = %g(z, DI fz@QPHNH[1 + 0,(1)], (28)

with H defined in (14).
Examination of Eqgs. (19) and (20) shows that, at boundary point, ZZTWZQO, (z) in
Eq. (21) converges to

-1
"("2 ) 6. D2 P

Jo. 0w I 4 K ) K uo)[ul HHo (2) Huy + ul HHo (2) Huplduduy

< | Ip. , Jp. ; Hui K @)K uo)luf HHo(2)Huy + uj HHo (2) Huslduydus
fDZ,H sz.H Hus K (u) K u2)[ul HHo (2)Huy + ul HHo (2) Huslduyduy

2k o (Kt (K)
— 1 »
= n(n2 )g(z, Dl fz1H qu(K)u;l(K) +M;O(K)Mf3(K)
uthy (K () + 3 o (Kol (K)
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Plug this and (28) into (11), we get (6).
Examination of Egs. (22)—(26) shows that, at boundary point, ZZT W_.Var(§)W,Z,
converges to

n(n — 1)(n —2)|H|"'¢(z, 2, (2, 2, DI fz QP HTH[1 4 0,(1)].
Plug this and (28) into (12) we get (7)

Varla@\Zs. ... 2,] = 8@ 208G 2, D N TN ey
b St W HIZ@ )P f22)

[140,(D].

References

Acar EF, Craiu RV, Yao F (2011) Dependence calibration in conditional copulas: a nonparametric approach.
Biometrics 67:445-453

Clayton DG (1978) A model for association in bivariate life tables and its application in epidemiological
studies of familial tendency in chronic disease incidence. Biometrika 65:141-51

Chaieb L, Rivest L-P, Abdous B (2006) Estimating survival under a dependent truncation. Biometrika
93:655-669

Day R, Bryant J, Lefkopolou M (1997) Adaptation of bivariate frailty models for prediction, with applica-
tions to biological markers as prognostic indicators. Biometrika 84:45-56

Ding AA (2010) Identifiability conditions for covariate effects model on survival times under informative
censoring. Stat Probab Lett 80:911-915

Ding AA (2012) Copula identifiability conditions for dependent truncated data model. Lifetime Data Anal
18(4):397-407

Ding AA, Shi G, Wang W, Hsieh JJ (2009) Marginal regression analysis for semi-competing risks data
under dependent censoring. Scand J Stat 36:481-500

Emura T, Wang W (2010) Semi-parametric inference for copula models for truncated data. Stat Sinica
21:349-367

Fan J, Gijbels I (1996) Local polynomial modelling and its applications. Chapman and Hall, Boca Raton

Fine JP, Jiang H (2000) On sssociation in a copula with time transformations. Biometrika 87:559-571

Fine JP, Jiang H, Chappell R (2001) On semi-competing risks data. Biometrika 88:907-919

Gijbels I, Veraverbeke N, Omelka M (2011) Conditional copulas, association measures and their applica-
tions. Comput Stat Data Anal 55:1919-1932

Ghosh D (2006) Semiparametric inferences for association with semi-competing risks data. Stat Med
25:2059-2070

Hsieh J, Wang Ding AA (2008) Regression analysis based on semicompeting risks data. J R Stat Soc Ser
B 70:3-20

Huang X, Zhang N (2008) Regression survival analysis with an assumed copula for dependent censoring:
a sensitivity analysis approach. Biometrics 64:1090-1099

Jiang H, Fine JP, Chappell R (2005) Semiparametric analysis of survival data with left truncation and
dependent right censoring. Biometrics 61:567-575

Klein JP, Moeschberger ML (2003) Survival analysis: techniques for censored and truncated data, 2nd edn.
Springer, New York

Lakhal L, Rivest L-P, Abdous B (2008) Estimating survival and sssociation in a semicompeting risks model.
Biometrics 64:180-188

Lin DY, Robins JM, Wei LJ (1996) Comparing two failure time distributions in presence of dependent
censoring. Biometrika 83:381-393

Lin DY, Ying Z (2003) Semiparametric regression analysis of longitudinal data with informative drop-outs.
Biostatistics 4:385-398

Martin EC, Betensky RA (2005) Testing quasi-independence of failure and truncation via Conditional
Kendalls Tau. J Am Stat Assoc 100:484-492

Nelsen RB (2006) An introduction to copulas. Springer, New York

Oakes D (1989) Bivariate survival models induced by frailties. ] Am Stat Assoc 84:487-493

@ Springer



Local linear estimation of concordance probability with application

Opsomer J-D, Ruppert D (1997) Fitting a bivariate additive model by local polynomial regression. Ann Stat
25:186-211

Peng L, Fine JP (2006) Rank estimation of accelerated lifetime models with dependent censoring. ] Am
Stat Assoc 101:1085-1093

Peng L, Fine JP (2007) Regression modeling of semicompeting risks data. Biometrics 63:96-108

Ruppert D, Wand MP (1994) Multivariate locally weighted least squares regression. Ann Stat 22:1346-1370

Shih JH, Louis TA (1995) Inference on the association parameter in copula models for bivariate survival
data. Biometrics 51:1384-99

Tsai WY (1990) Testing the assumption of independence of truncation time and failure time. Biometrika
77:169-177

Wang W (2003) Estimation of the association parameter for copula models under dependent censoring. J
R Stat Soc Ser B 65:257-273

Wang W, Wells MT (2000) Model selection and semiparametric inference for bivariate failure time data. J
Am Stat Assoc 95:62-72

@ Springer



	Local linear estimation of concordance probability  with application to covariate effects models  on association for bivariate failure-time data
	Abstract
	1 Introduction
	2 Model assumption and data structures
	2.1 Local linear estimation for concordance probability
	2.2 Four data structures
	2.3 Clayton copula and condition (2)

	3 Asymptotic properties
	4 Simulation studies
	5 Data example
	6 Concluding remarks
	Appendix 1: Proof for Equation (2)
	Appendix 2: Proof of the Theorem 1
	References


